It is shown that a transversal potential appears when a current flows along a film with a transversal impurity gradient. The potential is evaluated in the relaxation time approximation for the Boltzmann-Bloch equation, being quadratic in the applied field. Semi-classical Monte Carlo simulations have verified those results.
Introduction
If a current flows along an homogeneous sample, the electric field perpendicular to the current vanishes due to symmetry considerations. If the symmetry is broken, for example by the presence of a magnetic field, the electric field perpendicular to the current may differ from zero resulting in a transversal effect, which in the case of the mentioned example is the Hall effect. In a similar way, an impurity gradient perpendicular to the current density induces a transversal effect.
In order to help to understand the origin of the effect, we present first a phenomenological description. Imagine we have an interface between pure metal and the same metal with impurities, as shown in Fig. 1 . The sample is represented by a rectangle and the impurities by dots. The electrons will be scattered by the impurities and will be deflected in all directions. Since there are more impurities on the right side of the sample, the electrons deflected to the right will be thermalized faster than the electrons traveling in the opposite direction. Therefore the electrons will tend to accumulate at the left side. However, this transversal current is a transient effect, since in the steady state no current flows in the perpendicular direction; therefore a transverse``restoringº electric field must appear for a stationary regime in order to maintain the equilibrium.
In an intuitive language we can say that a``longitudinalº current flow increases thè`e lectronic pressureº over the lateral walls of a conductor, due to the scattering of electrons with impurities. When a doped and a pure conductor are in contact through a lateral wall, the difference in the``electronic pressuresº must produce a (transient) transversal current, which gives rise to the restoring electric field. In a more precise language, the``electronic pressureº difference corresponds to the gradient of the chemi-cal potential m appearing in the generalized Ohm law [1, 2] ,
where E is the electric field, J the current density and s the electrical conductivity. At first glance, the present effect may produce some confusion, since it resembles two wires with different resistivity which are shunted in parallel; as the voltage drop is linear for both wires, there will be no transversal voltage drop, and it may seem that no lateral charge flux does appear. Nevertheless, a charge flow may be produced both by Coulomb and non-Coulomb forces (the E and rm contributions of Eq. (1), respectively). The``transversal effectº we are analyzing is triggered by non-Coulomb forces. The situation is similar to the Volta and Seebeck effects. When two different metals are put in contact, the unbalance between the chemical potentials produces a transient charge flow which gives rise to a contact (or Volta) potential. In the Seebeck effect, a charge flow is initially produced if we suddenly establish a temperature gradient in an uniform metallic rod although not any voltage drop was applied to the rod. Obviously, in these two examples not any DC current appears since a restoring potential is rapidly established. However, while in the Volta effect the work function is fixed for each metal, in the``transversal effectº of this paper we can apply an AC longitudinal electric field, which creates an oscillating lateral current, thus allowing to measure the effect in a direct way.
The effect we are analysing is important, since it gives a rather direct view of the electron scattering processes connected with an applied external field. It may play a role in systems with interfaces between two metals for example thin films. In such systems, some longitudinal transport properties have been studied, often showing anomalies [3, 4] . The effect of roughness of the interface can also lead to interesting behavior of the electronic transport [5] . We believe that our work will contribute to understand the electronic transport properties of metal interfaces, giving information about the quality of the interface. The effect can also be used to characterize the absorption profile of impurities at the surface of a conductor.
The Equation
A common approach to calculate the transport coefficients is the so-called relaxation time approximation for the Boltzmann equation [6] . With this approximation it is assumed that the scattering term of the Boltzmann equation is of the form df dt scat Àf À f 0 a tv Y where f 0 Qm 0 À E is the equilibrium (Fermi-Dirac) distribution, and m 0 x is a sort of local chemical potential, associated to the new local equilibrium attained after applying the external field E y (therefore m 0 x depends on E y ); this new equilibrium distribution is responsible to produce the transversal (restoring) field E x . As we shall see afterward, m 0 x is only a partial contribution to the chemical potential appearing in the generalized Ohm law, Eq. (1), but m 0 T mX
We shall work at T 0, assuming that the heat produced by Ohm dissipation is quickly absorbed from the thin film by the cooling system.
The relaxation time approximation should be accurate for elastic scattering which is the case of scattering on impurities. Introducing this approximation, the steady state Boltzmann equation becomes
where E is the electric field and v the velocity of the electrons. To model the two metallic layers, we assume that the relaxation time has a different value on each side:
where v jvj is the absolute velocity (t i isotropic). The applied external field is homogeneous and parallel to the interface E E y y, according to Fig. 1 . This external electric field will induce a current in the y-direction and a transversal (restoring) field E x x, due to the asymmetric scattering, as explained in the Introduction.
Our aim is to calculate the transversal field E x by solving the Boltzmann equation perturbatively in E y . This transversal electric field is expected to be much lower than the external field. Actually, since E x must be invariant under inversion of E y , only the even powers E 2n y must contribute to E x X Retaining the lower order contribution, we have
where gx is a function that has to be determined in a self-consistent way. Invoking the former symmetry reasons, we also assume that m 0 is quadratic on E y ,
where zx is to be determined later, and E F is the Fermi level.
Transversal Effect in a Metal-to-Metall Interface Equation (2) can be solved perturbatively introducing a solution of the form
where, to second order,
, and the superscript j means j-th order in the external electric field E y .
By substituting Eq. (5) into the Boltzmann equation, and considering the linear terms in E y we obtain the following equation for
The equation for f 2 involves terms of second order in E y ,
where gx gx z H x , and z H x dz a dx. We first solve Eq. (6) for f 1 , considering separately the two regions and imposing that f 1 must be continuous at x 0; in addition, far from the interface, f 1 must take the bulk value. The result is
where A and B are functions defined by
We remark that C vanishes if xav x`0 , assuring that f 1 remains finite when the electron goes from x $ AEI toward the interface.
In the equations above and from here on, when the indexes are omitted on B or t, it is implicit the index 1 for x`0 and index 2 for x b 0.
On the other hand, the solution of the equation (7) turns to be
The function Uv is defined by
In the steady state, the transversal current density must vanish,
By replacing Eq. (5), we realize that the transversal current density has three contributions. But the terms with f 0 and f 1 vanish; therefore
By replacing Eq. (11) in the latter expression, and assuming a spherical Fermi surface, we obtain the following equation:
Here v F is the Fermi velocity,
, and x is an adimensional coordinate defined by x xat F v F . Finally, E n are the exponential integral functions, defined by
Àzu X Equation (9) is valid only for x b 0. The corresponding equation for x`0 can be obtained by exchanging the indexes 1 6 2 and substituting gx H by ÀgÀx H . The convention about omission of indexes is also valid for t F .
Let us make a further simplification assuming the following (classically plausible) expression for t:
where l i is the mean free path at each side of the interface. Equation (9) becomes (for x b 0)
0 the indexes and signs have to be changed in the same way as in Eq. (9).
Since " Gu appears in a convolution, it is possible to solve the equation for its Fourier transform
The function " g may be obtained by evaluating the inverse Fourier transform of " q. Nevertheless our actual interest centers in the potential difference DV across the sample, which is given by
The last expression between parenthesis corresponds to
We call rx the perturbation of the electron density due to the external field; rx is obtained by integrating the distribution f over the velocity space and retaining the contribution of order E 2 y . In order to assure particle conservation we impose the condition
This equation implies that rx À3 0 as x À3 AE I ;
This is a necessary (but not sufficient) condition to satisfy Eq. (12). By considering Eq. (8) we conclude that the only contribution to f 2 is eE y tam dBadv y ; integrating this expression we obtain
and replacing relation (10):
Therefore, the potential difference due to the electric field is
Since relation (13) is only a necessary condition in order to fulfill Eq. (12)
Monte Carlo Numerical Simulation
Our main result, Eq. (14), was obtained by means of the relaxation time approximation, and assuming semi-infinite metallic samples. Therefore, an independent approach to the problem in consideration should be desirable. For that purpose we present semiclassical simulations; this procedure has the advantage that it does not depend on any additional hypothesis, excepting a faithful description of the physical system in study. The main points of our simulations are as follows:
1. It is considered a thin film divided into two regions:`1 with Àd 1`x`0 and 2 with 0`x`d 2 . Particles suffer specular reflections on the border walls, located at x Àd 1 and x d 2 . The interval Àd 1`x`d2 is divided into N segments in order to have a fine grid along the x-direction.
2. The impurity concentration in each region`j is characterized by a mean free path l j Y j 1Y 2. A minimum distance l 0 between scattering centers is postulated. The free flight (collisionless) lengths are tossed by a random number generator according to
where r is a random number with uniform distribution on the 0Y 1 interval.
3. Each simulation considers $ 10 9 collision processes, with their respective free flight paths under the influence of both the external (longitudinal) E y and the restoring (transversal) electric field. We use this great amount of processes in order to reduce the statistical fluctuations, which are very large, in special for the limit considered in the previous section, d j ) l j . The random number generator was tested, verifying the total absence of correlations and periodicities for this number of processes.
In order to omit unities of charge and mass, we work with the accelerations f y ÀeE y am and f x x instead of the electric fields. Now we can fix (for example) f y and v F arbitrarily, and then measure all other magnitudes in terms of the latter ones.
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We shall assume that the transversal (restoring) field is strongly located at the interface, f x x V 0 dxY where V 0 DV is the potential difference across the sample. A self-consistent evaluation of the restoring field in terms of the electron density should be desirable; however, such calculations go beyond our actual possibilities, since a very large CPU time is needed for each field profile f x x in order to overcome the large statistical fluctuations.
4. We use classical electron trajectories between two impurity collisions; the tossed value of free flight length n determines the position r n of the next (n-th) scattering process. We assume that the electron scattering by impurities is isotropic; therefore, we choose the new velocity as a random point of the Fermi surface, thus relaxing the energy provided by the external field.
Since each scattering process resets the electron on the Fermi surface, for a``small enoughº external field f y we can assure that the electron never departs too much from that surface, say jv fin À v F j ( v F , where v fin is the final electron velocity, prior to a collision. This condition attempts to restore (to some degree) the Pauli principle in our simulations, since the electrons responsible of transport properties lie in a neighbourhood of the Fermi surface. In order to assure this condition in our calculations, we have chosen f y , v F and l j satisfying the inequality jv fin À v F jav F $ l j f y av 2 F ( 1. 5. According to former procedure, given the location r n of the n-th electron collision, we can infer the next scattering location r n1 by means of three random numbers. Then we have to decide between three alternatives: (i) If r n1 is in the same region`j as r n , then we perform a new scattering process, as stipulated in point 4.
(ii) If the trajectory r n 3 r n1 meets the other region, then we evaluate the first point where the electron trajectory crosses the interface`1 ±`2 , and the associated velocity. We use them as initial conditions, and toss a new free flight length according to the impurity concentration in the new region, in order to infer a new collision point. (iii) If the trajectory r n 3 r n1 leaves the metal through the x Àd 1 or x d 2 surface, we do a mirror reflection of electron velocity at the crossing point, obtaining a new trajectory inside the metal, which is processed according to former rules.
6. In each simulation we consider L replicas, whose initial conditions are chosen by dividing the Àd 1`x`d2 interval in a regular way. We typically use L 100 replicas, each one suffering about 10 7 collisions. Calling t F the total time of following the trajectory of a particular replica, we record the electronic density Dx by storing the time that the particle remains in each of the N slabs of the Àd 1`x`d2 interval. When the simulation for each replica concludes, we obtain the charge density dividing by the total time of flying t F Y and evaluate the total charge ÀeQ j lying on each region`j by integrating the electronic density. Since Dx is normalized, Q 1 Q 2 1. We shall work with d 1 d 2 d; in that case the charge unbalance is given by Q Q 2 À Q 1 .
In a similar way, our simulations yield the drift velocity v d yt F À y0at F . We store one by one the L values of Q and v d obtained for each replica, averaging them when simulations conclude; we also average DxX We analyze the variance of Q and v d appearing in our L replicas, thus determining the statistical uncertainties in charge and drift velocity.
7. In order to obtain the potential Vx V 0 qx it suffices to impose charge neutrality on each layer, Q 0X In fact, we can roughly estimate the constant V 0 by assuming that the charge is strongly located around a thickness l j at each side of the interface, for example, with a profile Dx G exp Àjxjal j . Using the Poisson equation and former definitions and considerations, we conclude that V 0 8p e 2 n e dl 1 l 2 Q; here n e is the free electron density. Expressing n e in terms of the Fermi velocity we obtain
where a B is the Bohr radius, and the convention of present section (e 1Y m e 1) was used. On the other hand, our simulations give a functional relation between the potential V 0 and the charge unbalance Q; this relation is nearly linear, V 0 % V 0 À GQ ; here V 0 is the potential that cancels the charge unbalance. Replacing this expression in Eq. (16) we conclude
Nevertheless, it holds that G ( g, even for our simulations. In fact, using unrealistically small values of the Fermi velocity v F (in order to observe the``transversal effectº over the statistical noise) we have obtained Gag % 10 À3 ; for more realistic parameters we expect that Gag becomes amazingly small. Therefore, Eq. (17) implies that the potential V 0 % " V 0 can be evaluated by imposing charge neutrality on each layer, Q 0 (only a negligible fraction of the conduction electrons is enough to produce the charge unbalance that yields the restoring field E x ).
Results
Our semi-classical simulations satisfy the Ohm law, v d G E y ; this is an ineludible condition to validate the simulation procedure. Although this result seems obvious, a purely classical simulation of the low temperature resistivity (dominated by collision with impurities) does not reproduce the Ohm law. In fact, if we use as energy relaxation mechanism the scattering of electrons with finite mass impurities at rest, and work with``fully classical electronsº (at rest when not external field is applied, since the existence of a Fermi sea is ignored), then the relaxation time changes into t j $ l j av F 3 l j av d , being now determined by the drift velocity. Since v d $ f y t j , we conclude v 2 d G f y . Thus, a wholly classical analysis yields viscous forces quadratic in the velocity [7] , and v d G jE y j p instead of the Ohm law, as we have verified in preliminary computations.
In contrast, the simulations used in present work do reproduce the Ohm law since they involve the Pauli principle to some extent: v d $ f y t j , $ f y l j av F . Our simulation procedure fulfills another important validation condition, that is, to yield charge neutrality in absence of an external field, irrespectively of the values of d j and l j .
We first address a qualitative question: the very existence of the``transversal effectº proposed in this paper, which implies an electron flow from the heavily doped layer when a longitudinal, external field is applied; say,`1 3`2 in the case l 1`l2 . This flow (subsequently stopped by the transversal field) leads to Q 2 À Q 1 Q b 0X Latter inequality was fulfilled in all our simulations, thus confirming that the effect in question exists and present theory is qualitatively correct. It is interesting to note that the (above mentioned) fully classical simulation gives the opposite result, DQ`0; in fact, Q j is proportional to the time that an electron remains in`jY which increases when thè`l ocalº drift velocity decreases; since this local drift velocity decreases with l j Y we conclude that Q 2`Q1 for the wholly classical case.
We now present some quantitative results. In Tables 1 and 2 we list the values of DV for several choices of the parameters, comparing them with the theoretical result, Eq. (14). In Table 1 we analyze the dependence of DV on l j for a fixed external field f y Y comparing Monte Carlo and theoretical results.
We see that theoretical and Monte Carlo results follow similar trends; however, the discrepancies between them can well be traced back to the following shortcomings:
(i) The theoretical result (14) was deduced for two semi-infinite metallic regions, or equivalent, for d j ) l j X Unfortunately, in this limit the statistical uncertainty of Monte Carlo strongly increases, needing prohibitive CPU time in order to remove them. The same is true to fulfill the inequality jv fin À v F jav F ( 1. Therefore, we have used only moderately large values for d j and v F .
(ii) On the other hand, the theoretical result (14) also must be taken with caution, since it comes from the relaxation time approximation; the relaxation times t j v l j av invoked by that approximation are phenomenological parameters, whose meaning may be somewhat different to the alike magnitudes used in Monte Carlo simulations.
(iii) Finally, in the simulations we have modeled the restoring force in a quite idealized way, f x x V 0 dx. Actually, we expect that these forces have a range $ l j at each side of the interface.
In Table 2 
Discussion and Conclusions
We have shown that, when an electric current is established along a film with a transversal (perpendicular to the surface) impurity gradient, it appears a``transversalº potential, associated with an electron excess in the region with lower impurity concentration. The effect is quadratic in the external field. Replacing realistic data of some metals, the coefficient el A measurement of this effect needs an AC field in order to filter some spurious effects, like the (time independent) Seebeck voltage; in addition, an AC measurement maintains a periodic transversal current, thus overcoming the difficulties that appear, for example, on measuring the Volta contact potential [8] . We note that an oscillating external field of frequency w yields an oscillation in the transversal potential DV with frequency 2wY since DV depends on E 2 y . Some preliminary measurements have been carried out in two layer samples of pure gold and silver-doped gold, evaporated over muscovite. In agreement with former considerations, an AC external field of frequency w was applied, filtering the transversal voltage signal at frequency 2wX The experimental conditions were chosen in such a way that the 2w component of Seebeck potential (associated with the Ohmic dissipation), was too small in comparison with present effect. The emf due to oscillating magnetic fields has the frequency w, being therefore filtered in the experiment. Although these preliminary measurements seem to confirm the effect (in particular, the quadratic dependence of transversal voltage in the external field) they are yet not conclusive, due to a large experimental error (the experimental error was one half of the average value of the signal DV). More reliable measurements are needed to confirm this``transversal effectº; special care must be taken in order to obtain a clean metal±metal interface, since electron scattering on this interface may disturb the effect [5] .
Some questions are open, like the effect of roughness in the metal±metal interface, or the interplay between superconductivity and this``transversal effectº.
